The critical field of a thin superconducting film with a blind circular hole is found theoretically. It is shown that the value of the critical field is sensitive to the bottom thickness, but the orbital momentum, i.e., the number of vortices which nucleate inside the hole, is not sensitive. A simple boundary condition for a steplike thin film is derived and used for comparative numerical analysis of the superconductivity nucleation in a microdisk and near the hole. By increasing the thickness of the bottom of a blind hole one can transform the hole into a disk of the same radius which rests on top of the film. We show that such transformation leads to a jump in the number of vortices which nucleate at the critical magnetic field inside the perimeter of the hole ͑the disk͒. We report also the results of the Bitter decoration experiments of a thin superconducting film with a lattice of open or blind holes. It is found ͑in accordance with the calculation͒ that the bottom thickness has only a weak influence on the number of vortices captured by a hole during the cooling of the sample at a constant perpendicular magnetic field. All the experimental results are explained under the assumption that the vortices nucleated inside a hole rest inside during the cooling process and no additional vortices enter the hole.
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I. INTRODUCTION

The critical field (H c 3 * ) near an open circular hole in a thin
film or, what is very similar, near an empty cylindrical channel in a three-dimensional ͑3D͒ superconductor has been considered theoretically 1, 2 and measured experimentally 3 ͑here and below we assume that the applied magnetic field is parallel to the axis of the hole͒. It was shown that the ratio H c 3 * /H c 2 ϭ 1 when R→0 and H c 3 * /H c 2 ϭ 1.695 when
R→ϱ.
Here R is the hole ͑or channel͒ radius and H c 2 is the upper critical field of a nonperforated infinite sample. The case R→ϱ corresponds to the usual effect of surface superconductivity. 4 Due to the multiply connected geometry of the perforated sample, H c 3 * /H c 2 is an oscillating function with cusps of the hole area ͑more exactly it is a function of the magnetic flux in the hole: ϭ R 2 H). The cusps appear when the number of vortices which nucleate inside the hole at H c 3 * increases by one, as in the Little-Parks effect.
Generally speaking, the effects of surface superconductivity are important at strong fields (HϳH c 2 ) because in such a case the superconducting order parameter is much higher near the hole edge than far from the hole in the uniform film. Such modulation of the order parameter modifies qualitatively the vortex pinning by an array of empty channels 5 or columnar defects. Also it gives rise to a type of surface barrier: 6, 7 to approach and enter a hole a probe vortex must suppress superconductivity near the hole edge where the order parameter has a strong maximum ͑when HϳH c 2 ).
Therefore the vortex should be repulsed from the hole. At last an overlap of the edge superconducting states localized near neighboring holes leads to formation of an array of Josephson junctions of superconducting-normal-metalsuperconducting type with a unique coherence length in the whole system 3 ͑it is assumed here that the holes are organized in a periodic lattice͒.
In the present work we consider a more general case of a hole with a bottom ͑blind hole͒. It is assumed that this bottom is a part of the same film. Strictly speaking, in such a case, there is no hole in the film but only a hollow, so the sample is simply connected. Nevertheless it is shown that the critical field is qualitatively identical to that one of the film with a real hole. The amplitude of the ratio H c 3 * /H c 2 is decreased by the presence of the bottom but the positions of cusps are almost the same. The last statement means that the number of vortices which nucleate inside a blind hole ͑even inside a very shallow one͒ is approximately equal to this number for an open hole. Note that the density ͑experimental and theoretical͒ of fluxoids inside a hole is considerably higher than in the uniform film and the ratio can be as big as 4.
The present work has also a practical importance which is explained below. The vortex distribution in artificial perforated structures can be visualized by the Bitter decoration. For example the influence of the frustration on the vortex superlattice in a superconducting wire network has been studied by using this technique. 8 Usually the magnetic decoration can be done only at very low temperatures, when the screening effects are strong. At the same time it is assumed ͑and argued in many cases 9 ͒ that a kind of a ''freezing effect'' takes place, so the vortex superlattice, once determined at the critical temperature, is not changed during the subsequent cooling ͑note that in the present paper we discuss only field-cooling experiments͒. A direct Bitter decoration of artificial systems with holes is a difficult problem: vortices captured inside holes have a very small magnetic contrast. A powerful method which can be used for visualization of such vortices ͑or equivalently the vortices in unit cells of superconducting wire networks͒ consists of keeping a thin superconducting layer ͑the bottom͒ under the sample ͑the ''flux compression'' method͒. 7 This method is especially useful for observations of multiquanta vortices. Consider, for example, a hole with two vortices. By the usual ''planarization'' method 8 they cannot be resolved. On the contrary, if the hole has a superconducting bottom, then at low enough temperature these two vortices will be separated and visualized by the magnetic decoration as two independent spots ͑Fig. 4͒. From the above discussion it follows that for interpretation of the results obtained by the ''flux compression,'' it is necessary to know how the presence of the bottom changes the vortex distribution at the nucleation temperature. In the present paper we consider in detail one particular case, the blind circular hole, and show that the bottom changes very weakly the number of vortices which nucleate in it.
II. CRITICAL FIELD OF A BLIND HOLE
Let us consider a circular blind hole of radius R with a bottom of thickness d b in a film of thickness d f exposed to a perpendicular magnetic field H ͓the cross section is shown in Fig. 1͑a͔͒ . Here we find the critical field of such system as a function of temperature and the bottom thickness. The problem is solved in the dirty limit in the full temperature range. For an arbitrary electron mean free path the result is valid in the temperature range close to the T c 0 (T c 0 is the critical temperature at zero field͒ and for Rӷ(0) ͓the coherence length (0) is determined by the relation:
In such a case the order parameter (⌬ ) satisfies at the superconducting transition the simple linear equation:
We set បϭcϭ1. The proper value is proportional to the second critical field in the nonperforated infinite film: ϭeH c 2 (T) and it is considered here as a given function of the temperature (T). We use the usual boundary condition for all points of the sample surface:
where n ជ is a vector normal to the surface. Let us consider the problem to be a three-dimensional one. At the critical field the superconducting state has an axial symmetry: ⌬ (,,z) ϭ ⌬(,z)e in . Then in cylindrical coordinates (,,z) one can write the equation for ⌬(,z)
͑3͒
The function ⌬(,z) can be developed outside the hole in the following way:
where the functions f N () satisfies the equation
͑4͒
and k N ϭ N/d f , N ϭ 0,1,2 . . . . Consequently the solution for ⌬ f , which is finite when →ϱ, can be written as
where 2 , and W a,b (y) is the Witteker function. 11 In the same way one can get the solution in the bottom of the hole:
where bN ϭ Ϫ(1/2)(N/d b ) 2 and the function W is replaced by the other linearly independent Witteker function M which is finite at the origin which coincides with the center of the hole.
The critical field of our system will be the field H 0 at which the solution given by ͑5͒ and ͑6͒ and its first derivative are continuous on the surface given by conditions ϭ R, 0ϽzϽd b ͓in other points the functions ͑5͒ and ͑6͒ are always continuous͔. Also the boundary condition ͑2͒ should be fulfilled on the surface: ϭ R, d b ϽzϽd f ͓in other points of the sample surface it is always true if one use the solution in the form ͑5͒ and ͑6͔͒. The orbital momentum n should be FIG. 1. Two simple configurations of the sample when the surface superconductivity effect can be observed. ͑a͒ Superconducting film with a blind hole ͑or a hollow͒; ͑b͒ disk which rests on a thin film. Magnetic field H is perpendicular to the film but parallel to the vertical parts of the sample surface inside the hole or at the edge of the disk.
chosen to obtain the maximum value of the critical field. The condition of the continuity of the order parameter on the surface ϭ R, 0ϽzϽd b is
which should be fulfilled at any z from the interval 0ϽzϽd b . It gives us the first pair of main equations:
To obtain the Eq. ͑7͒ the above shown condition of the continuity of the order parameter has been integrated over z in the interval 0ϽzϽd b . To obtain Eq. ͑8͒ the continuity condition has been multiplied by a factor cos͓(N/d b )z͔ and then integrated in the same way. The boundary condition ͑2͒ and the continuity of the derivative can be written in the form
It gives ͓if one takes into account the development ͑5͒ and ͑6͔͒ the second couple of main equations:
͑Note that we use the following notation for the derivative:
ЈϵdF/dy),
.
͑10͒
For the derivation of Eqs. ͑9͒ and ͑10͒ we have used the procedure analogous to Eqs. ͑7͒ and ͑8͒. The only difference was the interval 0ϽzϽd f of the integration and the factor cos͓(N/d f )z͔ In principle the system of Eqs. ͑7͒, ͑8͒, ͑9͒, and ͑10͒ is complete and gives as a solution the ratio of the critical field near a hole H c 3 * and the bulk second critical field H c 2 : In fact to derive Eq. ͑11͒ one has to exclude A N and C N constants in the set of Eqs. ͑7͒-͑10͒. In ͑11͒ E ik ϭ␦ ik is the unit matrix and the coefficients of the K matrix are the following:
where the definitions used are
Finally the critical field of the system under consideration is given by the single equation ͑11͒.
III. THIN-FILM LIMIT
The general equation ͑11͒ can be simplified if we assume 
In fact the perturbation theory is possible in all orders. In the case d b Ӷ one can use the following asymptotic relation:
where the coefficient before the square brackets is small
For large values of N one can get 
which is a two-dimensional function, satisfies the two-dimensional linear equation ͑1͒ everywhere except the hole perimeter. After we will derive simple boundary conditions for the order parameter (,) at the hole perimeter. These conditions are general and will be used to find the critical field of a disk and of a linear step on the film surface. The critical field in all such systems is higher than H c 2 . Note that the present discussion is valid only if the field is perpendicular to the film plane.
Let us consider an averaged over the film thickness order parameter: Really if we make averaging over z of the left and right parts of the 3D equation ͑1͒ we get
where ជ is the radius vector in the plane of the film. Note also that A ជ is perpendicular to the z axis. The first term is equal to zero due to the boundary condition ͑2͒ so we get
The boundary condition for the function (,) in zero ap-
One can get it also from Eq. ͑14͒ by neglecting the linear correction ͑the term with the square brackets͒. Physically this condition means that the derivative of the 2D ͑averaged over the film thickness͒ order parameter ជ (,) has a jump at the boundary curve ͑where the film thickness has a jump͒, while the order parameter itself is continuous. The continuity of ជ (,) follows from the developments ͑5͒ and ͑6͒ and from the condition of the continuity of the 3D order parameter ⌬ (,,z) on the surface ϭ R, 0ϽzϽd b . The ratio of the derivatives is inversely proportional to the ratio of the thicknesses:
This condition should be fulfilled in all points of the stepwise increase of the film thickness, on the perimeter of the blind hole, for example. All numerical results of this paper are obtained using Eq. ͑15͒ and the condition ͑16͒. Note that Eq. ͑15͒ and the boundary condition ͑16͒ are true also in the case d b Ͼd f ͑the case of the disk͒. Only the following restriction is essential:
In Fig. 2͑a͒ we present the normalized critical field ͓found numerically from ͑15͒ and ͑16͔͒ of a blind hole versus the magnetic flux of the external field through its geometrical area. The same value for a disk is shown in Fig. 2͑b͒ ͓the geometry of the sample and definitions are explained in Fig.  1͑b͔͒ Critical field of disks which rest on an infinite film ͓see the sample geometry in Fig. 1͑b͔͒.   FIG. 3 . Normalized critical field of a linear step on the film surface. The result is valid when the film thickness at both sides of the step is much smaller than the coherence length at the nucleation temperature.
In fact any nonuniformity in the film thickness ͑but not only the discussed above sharp step on the film surface͒ leads to a local increase of the upper critical field. This phenomenon is especially important for ultrathin films, when the number of atomic layers is small. In this case even a monoatomic step on the surface leads to a considerable change of the ratio d b /d f and consequently of the critical field ͑which can be only increased in accordance with Fig. 3͒ . An important consequence of such an increase is a maximum of the superconducting order parameter near the step which contributes to the vortex pinning. This contribution should be dominant at high fields (HϷH c 2 ) when the averaged order parameter and therefore the energy of the intervortex interaction is small far from the step. The strongest force acting on vortices in such a case is the repulsion from the maxima of the order parameter created by nonuniformities in the film thickness.
IV. BITTER DECORATION OF OPEN AND BLIND MICROHOLES
In the previous paragraph we have seen that the critical field ͑or the critical temperature in field-cooling experiments͒ of a film with a ͑blind͒ hole is an oscillatory dependence of the magnetic flux. Positions of the cusps in this dependence are unexpectedly stable to variations of the bottom thickness. A direct way to find experimentally the positions of the cusps could be, for example, a resistive measurement of the critical field or the critical temperature. It was done for an Al film but only with open holes. 3 Such measurements should be much more difficult in the case of blind holes, especially if the bottom thickness is almost equal to the film thickness, because in such a case the amplitude of the oscillation of the critical field should be very small ͓see Fig. 2͑a͔͒ .
The positions of the cusps correspond to the moments when the number of vortices inside a hole ͑this number will be referred to as the ''filling factor'' FF͒ changes by one. An independent way to determine the filling factor versus the flux through the hole is the Bitter decoration which gives a possibility to visualize individual vortices in the sample. It is an indirect method because the decoration can be done only at low temperature when the applied field is much lower than the temperature-dependent critical field, while our theoretical results are concerned with the critical region (H→H c 3 * ). At the same time it can be expected that the vortex distribution, once determined at the nucleation temperature, is not changed considerably during the cooling ͑we discuss here only field-cooling experiments͒. Therefore the number of vortices which we find at the low temperature inside a hole should be very close to the number of vortices which are nucleated into the hole at the critical temperature ͑this number is determined by the positions of the cusps on the critical field found in the previous paragraph, except probably small regions near the cusps themselves͒. It is a kind of ''freezing effect,'' argued and verified experimentally in Ref. 7 . Without going into a detailed discussion, we can mention here that this effect is due to the small field ͓Hϰ 10 Oe ӶH c 1 (0)͔ which means a weak repulsion between the vortices, quite strong intrinsic pinning in the Nb film, and the surface barrier due to the considerable enhancement of the order parameter near the hole edge. The last circumstance is important only at high temperatures, when the applied field is of the order of H c 2 . It should be mentioned also that if one or more vortices are captured inside a hole, then the external vortices should be repulsed by it due to the superconducting currents circulating near the hole edge. 12 All the magnetic decorations are curried out after the sample, a thin perforated Nb film, has been cooled in a weak perpendicular field H ϭ 6.37 Oe down to T dec ϭ 4.2 K ͑note that T dec ӶT c 0 ϭ 9.2 K͒. The Bitter decoration consists of the evaporation of a small amount of a ferromagnetic metal ͑60 g of Ni in our case͒ not far from the sample surface. Precautions are taken to prevent any considerable heating of the sample. The Ni atoms form small monodomain particles (Ϸ 200 Å͒ which are attracted to the centers of vortices due to the magnetic-field gradient. After the decoration the sample is warmed up to the room temperature. The positions of vortices are marked by attracted Ni particles and visible in the electron microscope as white spots ͑for more details see Refs. 7,8͒. The presence of a superconducting bottom inside holes gives a possibility to observe and count the captured vortices ͑Fig. 4͒. So far one can determine the filling factor ͑FF͒: the number of vortices trapped in a single hole. Its averaged value (͗FF͘) can also be found because we have about 50 ͑or more͒ identical holes in each array.
Some experiments are done with open holes when the trapped vortices are not visible. In this case one can also determine ͗FF͘ as the difference between the density of vortices in a uniform nonperforated film and the density of noncaptured vortices in the film with holes. To find ͗FF͘ one should divide this difference by the density of holes. This method can give a considerable error if the period of the hole lattice is much larger than the averaged intervortex distance and, in addition, not all vortices are well recognized. The direct method which is possible with blind holes is much easier and more reliable. It enables us to distinguish definitely between trapped and nontrapped vortices in all cases, even when the bottom is very thick, because each hole is surrounded by a region which is practically free of vortices ͑Fig. 4͒.
The experimentally found filling factor ͗FF͘ is shown in For more accurate description it is necessary to consider the region below the critical temperature. Numerical calculations show 13 that a decrease of the temperature in a constant field can cause a first-order phase transition with an increase by one in the orbital number of the superconducting state localized near the hole. Such transitions should be considered as an entrance of an additional vortex into the hole. They are possible only at high temperatures and lead to some increase of ͗FF͘ with respect to its value at the nucleation temperature ͑Fig. 5͒.
The stepwise dependence of the averaged filling factor ͗FF͘ is just a reflection of the fact that all holes contain exactly the same number of vortices. This fact naturally follows from the condition that the filling factor is constant during the field cooling because there is no doubt that the same number of vortices should be nucleated in two geometrically equivalent holes ͑if they are far apart from each other and therefore independent͒. The mentioned above firstorder transitions should take place normally at the same temperature for all holes. On the contrary, if we neglect in our discussion the surface superconductivity effects and the strong enhancement of the order parameter near the hole edge, the explanation of the stepwise dependence of the averaged filling factor ͑Fig. 5͒ is not evident, especially if one takes into account that the experimental filling factor is much smaller than its expected equilibrium value 7 at T dec ϭ 4.2 K.
V. CONCLUSIONS
We have calculated the critical field near a blind hole in a thin superconducting film. It is higher than the upper critical FIG. 4 . Visualization of vortices ͑white spots͒ using the Bitter decoration and SEM. The decoration is fulfilled at T ϭ 4.2 K after the sample has been cooled at a constant field H ϭ 6.37 Oe. The period of the triangular lattice of circular holes is a ϭ 6.1 m, the bottom thickness is d b ϭ 650 Å. Each hole at the top picture (R ϭ 1 m͒ captures three vortices ͑except two or three holes͒. The vortex lattice outside holes is disordered. An increase of the hole radius leads to the trapping of the most of vortices ͑bottom picture, R ϭ 2.2 m͒. Inside holes the vortices are concentrated along the perimeter, except one which is in the center. Note that the bottom picture is a photo of an inclined sample. field in a uniform nonperforated film but lower than in the film with an open hole. The orbital number ͑or the number of trapped vortices͒ which maximizes the critical field is practically the same for open and very shallow blind microholes. The same conclusion follows from the magnetic decoration experiments of a thin Nb film with open and blind holes. It is demonstrated that the presence of a superconducting layer ͑the bottom͒ inside holes gives a possibility to observe and count the captured vortices directly. It is found that in the field-cooling experiments even very shallow blind holes ͑hollows͒ have practically the same efficiency in vortex trapping as real open holes. The result is explained by taking into account the edge superconducting states characterized by the strong enhancement of the order parameter.
